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Abstract: Choosing a probability distribution to represent daily precipitation depths is 12 important for precipitation frequency analysis, stochastic precipitation modeling and in 13 climate trend assessments. Early studies identified the 2-parameter Gamma (G2) 14 distribution as a suitable distribution for wet-day precipitation based on the traditional 15 goodness of fit tests. Here, probability plot correlation coefficients and L-moment 16
diagrams are used to examine distributional alternatives for the wet-day series of daily 17 precipitation for hundreds of stations at the point and catchment scales in the United 18
States. Importantly, both Pearson Type-III (P3) and Kappa (KAP) distributions perform 19 very well particularly for point rainfall. Our analysis indicates that the KAP distribution 20 best describes the distribution of wet-day precipitation at the point scale, whereas the 21 performance of G2 and P3 distributions are comparable for wet-day precipitation at the 22 catchment scale, with P3 generally providing the improved goodness of fit over G2. 23 Since the G2 distribution is currently the most widely used probability density function, 24 our findings could be considerably important, especially within the context of climate 25 change investigations. 26 27 Key Words: Climate; Rainfall; Weather; L-moment diagram; PPCC; Pearson type III; 28
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Introduction

32
Precipitation is paramount in the fields of hydrology, meteorology, climatology, and 33 others. However, long series of precipitation data are not always available; therefore, 34 establishing a probability distribution that provides a good fit to daily precipitation depths 35 has long been a topic interest. Investigations into the probability distribution of daily 36 precipitation can be found in at least three main research areas, namely, (1) stochastic 37 precipitation models, (2) frequency analysis of precipitation, and (3) precipitation trends 38 related to global climate change. Table 1 displays a sampling of the literature related to  39 those three topics including the particular precipitation series and durations under 40 investigation, and the proposed probability distributions recommended. Table 1 is by no 41 means exhaustive; it only attempts to document the widespread interest in the 42 determination of a suitable distribution for daily precipitation totals in a wide range of 43 studies across a wide range of fields of inquiry. 44 [Table 1 goes here] 45 1.1 Stochastic precipitation models 46 Our central goal is to select a suitable generalized probability distribution for modeling 47 daily precipitation depths, thus we are only concerned with the class of "two-part" 48 stochastic daily precipitation models that utilize a probability distribution function to 49 describe precipitation amounts on wet-days, while a probabilistic representation of 50 precipitation occurrences can be separately described using a Markov model or some 51 form of a stochastic renewal process (Buishand, 1978; Geng et al., 1986; Waymire and 52 Gupta, 1981; Watterson, 2005) . We only consider the selection of a suitable distribution 53
for modeling wet-day daily rainfall, leaving the stochastic representation of the 54 occurrence of zeros, to others. 55 It is evident from Table 1 that the wet-day precipitation series is the primary 56 series considered within the stochastic precipitation model literature. Thom's (1951) 57 suggestion of the 2-parameter Gamma (G2) distribution function for wet-day amounts 58 seems to carry considerable weight. Buishand (1978) lent support to the suggestion of 59 the G2 distribution by showing that for the wet-day series at six stations, the empirical 60
Coefficient of Variation to Coefficient of Skewness ratio was quite close to the 61 theoretical value of two for a G2 distribution. Geng et al. (1986) provided a review of 62 other literature supporting the use of the G2 distribution for modeling wet-day rainfall. 63
While the G2 distribution is by far the most commonly advocated distribution for 64 wet-day precipitation amounts, other distributions have also been suggested. Woolhiser 65
and Roldan (1982), Wilks (1998) and Li et al. (2013) suggested the use of a three-66 parameter mixed exponential distribution instead of G2. Through a variety of goodness 67 of fit tests and log-likelihood analyses, the mixed exponential was preferred to G2 (Wilks, 68 1998) . 69
The Weibull (W2) and to a lesser extent the exponential distribution have also 70 been suggested for modeling daily precipitation amounts ( Smirnov test to give support to the W2 and exponential distributions. 75
Precipitation frequency analysis 76
The second section of Table 1 displays a small portion of the literature related to  77 precipitation frequency analyses. Since extreme rainfall values are of primary 78 importance in these studies, censored series of rainfall (e.g. the Annual Maximum Series 79 (AMS) and Partial Duration Series (PDS)) are often useful in these analyses (Stedinger et 80 al., 1993) . Table 1 displays that many of the precipitation frequency investigations of 81 daily precipitation depths have selected the AMS series. 82 For many years, the most common approach to summarizing precipitation 83 frequency analyses in the United States was the work of Hershfield (1961) , which is 84 commonly referred to as TP-40. Hershfield (1961) fundamental distribution for heavy rainfall, with a simple expression for rainfall as the 108 product of mass flux, specific humidity, and precipitation efficiency. Statistical theory 109
predicted that the tail of the derived rainfall distribution has a stretched exponential form 110 with a shape parameter of 2/3, which was verified by a global daily precipitation data set. 111
Perhaps the most thorough investigations, to date, on the probability distribution 112 of daily precipitation amounts are the global studies by Papalexiou and Koutsoyiannis 113 (2012, 2016, 2018) . Papalexiou and Koutsoyiannis (2012) derived a generalized Gamma 114 distribution (GG) from Entropy theory, using plausible constraints for wet-day series of 115 daily precipitation series. Together, the two studies by Papalexiou and Koutsoyiannis 116 (2012, 2016) revealed that the GG distribution provides a good approximation to the 117 behavior of observed L-moments of global series of wet-day daily precipitation at 11,519 118 and 14,157 stations, respectively. Additionally, the GG distribution was also used to 119 generate gridded daily precipitation that is consistent with monthly observations (see 120 Figure 11 in Papalexiou et al. (2018) 
Research objectives
146
In summary, there are a wide variety of previous studies which have explored the 147 probability distribution of daily precipitation for the purposes of precipitation frequency 148 analysis, stochastic precipitation modeling and for trend detection. There seems to be a 149 consensus that annual maxima appear to be well approximated by either a GEV or 150
Gumbel probability density function (pdf); while peaks above threshold values are well 151 approximated by a GPA distribution, and the series of wet-day precipitation is well 152 approximated by a G2, GG, W2 or in some cases a mixed exponential distribution. 153
However, other than the two recent global studies by Papalexiou and Koutsoyiannis 154 (2012, 2016), we are unaware of any studies that have used recent developments in 155 regional hydrologic frequency analysis such as L-moment diagrams or probability plot 156 goodness of fit evaluations to evaluate the probability distribution of very large regional 157 datasets comprised of the wet-day series of daily precipitation. 158
The recent studies by Papalexiou and Koutsoyiannis (2012; 2016) represent 159
perhaps the most comprehensive studies to date. However, their L-moment evaluations 160 only evaluate the relationship between L-Skewness and L-Cv; thus they were unable to 161 fully evaluate the goodness-of-fit of the several relatively new three-parameter pdfs 162
introduced in their studies such as the GG and the Burr type XII pdfs which would 163 require construction of L-Kurtosis versus L-Skew diagrams which are currently 164 unavailable for those pdfs. Analogous to those two studies, this paper uses two large 165 scale national datasets to re-examine the question of which of the commonly used 166
continuous distribution functions which are widely used in the fields of hydrology, 167 meteorology and climate best fit wet-day series of observed daily precipitation data. We 168 focus our research interest on the distribution of wet-day series of precipitation since the 169 pdf of complete series can be derived by a mixed distribution consisting of a combination 170 of the pdf of wet-day series and a stochastic model of the percentage and occurrence of 171 zeros. 172
Instead of considering the GG distribution, the pdf recommended by both 173 Koutsoyiannis (2012, 2016) , which has seen very limited use and for 174 which analytical and/or polynomial relationships for L-Kurtosis are unavailable as they 175
are for most commonly used pdfs in hydrology, we consider the more widely used 3 176 parameter generalization of the G2 distribution known as the Pearson type III (P3)  177 distribution. Our primary objective is to use a very large national spatially distributed 178 dataset at both the point and catchment scales, to determine a suitable probability 179 distribution of wet-day series of daily precipitation using L-moment diagrams and 180 probability plot correlation coefficient goodness of fit statistics. 181
Study area and data
182 Precipitation depths at the point and catchment scales provide important information in 183 hydrology, meteorology, and other fields, thus our study focuses on both scales. For 184 point precipitation, we employ a data set comprised of daily precipitation depths at 237 185 first-order NOAA stations from 49 U.S. states (Hawaii is excluded due to fundamentally 186 different precipitation behavior). Station locations are shown in Figure 1a . In contrast, 187
the areal average precipitation for 305 catchments in the international Model Parameter 188
Estimation Experiment (MOPEX) data set (Duan et al., 2006) is also selected for analysis. 189
The catchment locations and boundaries are shown in Figure 1b . The data were quality 190 controlled to remove null values. When greater than 6 null values occurred in a given 191
year or greater than 3 in a given month, the full year of data was removed. When fewer 192 than these numbers of null values were present, they were treated as zeroes. The average 193 record length for point precipitation depths for the 237 sites is 24,657 days (67.5 years). 194
The The wet-day series were extracted from both data sets. The wet-day series were 201 constructed by excluding zero and "trace" values (those with less than 0.01 inches 202
(approximately equivalent to 0.25 mm) recordable precipitation). Wilks (1990) discussed 203 other ways to treat trace precipitation and left-censored data, but for convenience, they 204 are simply excluded. The mean wet-day record lengths for point and areal average 205 precipitation are 7,219 days (equivalent to nearly 20 years) and 14,043 days (more than 206 38 years), respectively. The distributions of wet-day record length are shown in Figure 3 . 207
As expected, the proportion of wet-days in the areal average precipitation data set is 208 higher than that in the point precipitation data set. 209
[ Figure 3 goes here] 210 to compare the goodness of fit of a range of four-parameter, three-parameter, two-230 parameter, and one-parameter (or special case) distributions. (Deidda and Puliga, 2006) . Other than the two recent global studies by Papalexiou and 240 Koutsoyiannis (2012, 2016) which examined the agreement between empirical and 241 theoretical relationships between L-Cv and L-Skew, this is the only study we are aware 242 of, in which a set of daily wet-day precipitation records have been subjected to such a 243 comprehensive L-moment goodness-of-fit analysis. L-moment estimators were chosen in 244
Methodology
this study for a variety of reasons: (1) they are easily computed and nicely summarized 245 by Hosking and Wallis (1997) for all the cases considered in this study, and (2) estimates 246 of L-moments are unbiased and estimates of L-moment ratios are nearly unbiased, and 247 thus for the extremely large sample sizes considered here, sampling variability of 248 empirical L-moment ratios will be extremely small especially when contrasted to the 249 variability among the theoretical L-moment ratios corresponding to the various 250 distributions considered.. 251
Probability plot correlation coefficient goodness-of-fit evaluation 252
Probability plots are constructed for each of the wet-day series using L-moment 253 estimators of the distribution parameters (see Hosking and Wallis (1997) ) for the 254 distributions indicated in Table 4 . A probability plot is constructed in such a manner as 255 to ensure that the observations will appear to create a linear relationship when they arise 256 from the hypothesized distribution assumed for each plot. 257 [Table 4 goes here] 258
The goodness of fit of each probability plot is summarized using a probability plot 259 correlation coefficient (PPCC, or simply, r) which is simply a measure of the linearity of 260 the plot. The PPCC statistic has a maximum value of 1. The PPCC has been shown to be 261 a powerful statistic for evaluating the goodness-of-fit of a wide range of alternative 262 distributional hypotheses (Stedinger et al., 1993) In Figure 4a , the L-moment ratios fall primarily within a region bounded by the 295 G2 and GP2 theoretical curves, with the W2 passing through some of the points. In 296 Figure 4b , the L-moment ratios fall primarily in the upper region of the W2 theoretical 297 curve, with the G2 passing through or very close to most of the points. These patterns do 298 not indicate a clearly preferred distribution for point values, especially considering that 299 the large sample sizes associated with these series result in negligible sampling variability. 300
However, Figure 4b documents that the G2 pdf provides a good approximation to the pdf 301 of wet-day series for areal average values. 302 Blum et al. (2017, Figure 2 ) used L-moment diagrams for complete and synthetic 303 series of daily streamflow observations to demonstrate that the sampling variability in L-304 moment ratios is negligible for the sample sizes considered in this study. Thus, the 305 scatter shown in Figure 4 is likely due to real distributional differences rather than due to 306 sampling variability as is often the case when one constructs L-moment diagrams for 307 short AMS precipitation and streamflow records, as is the case in most previous studies 308
which have employed L-moment ratio diagrams. 309 (Figure 5b ). It should be noted that the P3 distribution is the 313 two-parameter G2 with an additional location parameter which does not affect the shape 314 characteristics and thus the theoretical curve of P3 shown in Figure 5 is the same as the 315 G2. The same holds for GPA and GP2 and for LN2 and LN3. The empirical 316 relationships of plotted points for both wet-day series are very similar to the theoretical 317 relationship for the P3 distribution. In fact, among the pdfs considered in Figure 5 , the 318 P3 pdf seems to be the only 3-parameter distribution that could possibly fit the wet-day 319 record data. Although there is a small proportion of points lying outside the P3 curve, the 320 overall fit is still very striking. 321
L-Kurtosis vs L-Skew
It should also be noted that the L-moment ratio estimates for both wet-day series 322 occupy a space that can be well represented by the KAP distribution, which occupies a 323 region of the L-Kurtosis vs L-Skew diagram as shown in Figure A1 of Hosking and 324 Wallis (1997) . A complete description of the 4-parameter KAP distribution is referred to 325 Hosking (1994) and Hosking and Wallis (1997) . 326 [ Figure 5 goes here] 327 
Probability Plot Correlation Coefficient
Standard boxplots of PPCC
329
The L-moment ratio diagrams were useful for identifying several potential candidate 330 distributions for representing the wet-day daily precipitation series at the point and 331 catchment scales. From that analysis, we conclude that a four parameter Kappa pdf is 332 needed to approximate the pdf of point wet-day series whereas a G2 and P3 pdf are 333 adequate to approximate the pdf of areal average wet-day series. The PPCC statistic 334 offers another quantitative method for comparing the goodness of fit of different 335 distributions to the daily precipitation observations. are also shown in bold. Figure 6 illustrates box-plots of the values of PPCC for 341 distributions fitted to the wet-day series of daily precipitation data at the point and 342 catchment scales. 343
[ Table 5 goes here] 344 [ Figure 6 goes here] 345 Figure 6 and Table 5 because all of its indices are the best, while the P3 distribution generally performs better 355 than the G2 distribution. However, for catchment-scale precipitation (Figure 6b ), the 356 four parameter KAP distribution is no longer competitive, and both the G2 and P3 pdfs 357 will suffice. We are reluctant to advocate the use of a four-parameter pdf, such as the 358 KAP distribution, due to its inherent complexity, though such a pdf may be needed for 359 point values as evidenced from our analyses. 360 higher PPCC for that particular station, and points lying below the diagonal line indicate 373 the G2 results in a higher PPCC. Figure 7a shows that in nearly every case, the P3 374 distribution outperforms the G2 distribution. When the G2 does outperform the P3, the 375
Graphical comparison of P3, G2, and KAP
PPCCs are both very high and nearly equal. The point-scale precipitation plot shows that 376 the P3 distribution performs significantly better than the G2 distribution in many cases. 377
Thus, we conclude the P3 distribution better represents wet-day daily point precipitation 378 than the more commonly used G2 distribution in nearly every case. Figure 7b seen in Figure 8a that the KAP distribution does not always outperform the P3 pdf, as one 387 might expect given that it has an additional parameter. We are reluctant to advocate the 388 KAP pdf given its additional model complexity combined with the fact that it does not 389 appear to provide a uniform improvement, in either case, over the P3 pdf. 390
[ Figure 8 goes here] 391 392
Discussion
393
From the L-moment diagrams and PPCC comparisons we concluded that KAP can better 394 capture the tail behavior of point wet-day series, though both P3 and G2 can provide 395 reasonable approximations in many situations. In contrast, we found that a KAP pdf is 396 not needed to approximate the behavior of areal average wet-day series, where instead, 397 either a P3 or G2 model would suffice. In this section, we evaluate the relationship 398 between these findings and the size of the catchments considered. 399 Figure 9 displays the PPCC values of P3 and G2 pdfs versus catchment drainage 400 area for areal average wet-day series. The PPCC values are chosen from 0.99-1, 401 approximately 96% of catchments are displayed on the figure; the remaining points lie 402 outside the plot domains. It can be seen that for most of the catchments, the PPCC values 403 for G2 and P3 pdfs are very close, with points corresponding to G2 and P3 pdfs almost 404
overlapping. This is especially true for PPCC values higher than 0.998. The phenomena 405 clearly indicate that when G2 can well represent the behavior of catchment-scale wet-day 406 precipitation series, P3 also provides very good performance. However, for the areas 407
where PPCC values are lower than 0.996, the P3 distribution outperforms the G2 408 distribution for most cases, with a very slight improvement. 409
[ Figure 9 goes here] 410 Figure 10 shows the spatial map of catchments with the corresponding best 411 distribution functions for areal average wet-day series. KAP distribution is the best pdf 412 for large proportion of the catchments especially in the middle of US. P3 distribution 413 occupies the second large proportion of the catchments especially in east-central US. 414
Only a very few catchments can be best represented by G2 distribution. Seen from 415 Figure 10 , it seems that the performances of the three pdfs vary greatly. However, as we 416
have seen from previous figures, the differences between the three pdfs for catchments 417 are very small. 418 [ Figure 10 goes here] 419
Conclusions
420
This study has demonstrated that L-moment diagrams and probability plot correlation 421 coefficient goodness of fit evaluations can provide new insight into the distribution of 422 very long series of daily wet-day precipitation at both the point and catchment scales. 423 Although previous studies have claimed that the commonly used 2-parameter Gamma 424 distribution performs fairly well on the basis of traditional goodness-of-fit tests, this 425 study reveals, through the use of L-moment diagrams and probability plot correlation 426 coefficient goodness of fit evaluations that very long series of uncensored daily point and 427
areal average precipitation are better approximated by a KAP distribution and a Pearson-428 III distribution respectively, and importantly, they do not resemble any of the other 429 commonly used distributions. Analogous to the recent study by Papalexiou and 430 Koutsoyiannis (2016), our evaluations yield very different conclusions than previous 431 research on this subject and thus could have important implications in climate change 432
investigations and other studies which employ a pdf of daily precipitation. 433
We conclude that for representing wet-day precipitation, the Gamma and Pearson-434 III distributions are comparable with the 4-parameter Kappa distribution for the areal 435 average precipitation; however, when the point precipitation is of concern, the Kappa 436 distribution should be the distribution of choice. We also conclude that future 437 investigations should consider comparisons between the generalized Gamma distribution 438
introduced by Papalexiou 
Note that α, β, γ are parameters used for location, scale, and shape, respectively; if more than one parameter of the same type exists, indices (e.g. γ1, γ2) are used. 
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